n

W16. If y, = —Inn+_ L with limy, =y (Euler- Mascheroni constant), then

k=1 k
compute the limits
(i) lim(y, —y)n
(ii) By —y*)n
(iii) B (ynyns1Yns2 = 73 )0
(iv) UM (yuyne1 Y ns2e - Y nimt Y nm — Y™ )1

D. M. Batinetu-Giurgiu and Neculai Stanciu.
Solution by Arkady Alt, San Jose, California, USA.

Let i, = Z - First we will prove that /, = v + Inn + —— + 0( }1 ) = lim(y, —y)n = %
J=1

2n
— 7 _ 1 —_ _1 .1
Leta, = h,—Inn o and b, := h,—Inn o + . ,n e N.

We will prove that a, < a,+1,n e Nand b, > by1,n € N,
Indeed, since L _ 1 . ln<1 + %) < % S WS any n € Nthen

g2 2n*  3n?
am—an=hn+1—1n(n+1)—ﬁ—hn+1nn+ﬁ -
m+——ln<l+i> m+i—<%—ﬁ+3—:ﬁ> =%#+21)20
forany n > 2 and a2=Z—1n2> % =q < % > In2;
AlSO by, — byt :hn—lnn—ﬁJr%—(hn+1—ln(n+1)— z(an) + (n+11)2> _
ln<l+l>—ﬂ— 2(n+1) +%—m >

1 1 2n+l1 , _2n+l _ _ 3n+l

(7_ 2n? ) C 2n(n+ 1) n(n+ 1) 2n2(n+1)?

Since (a.),., increasing sequence, (b,),., decreasing sequence and a, < b,,n € N

then both sequences converges to the same limit which is equal to y = lim(4, — Inn)
1 1 1

and, therefore, h, —-Inn— =—— <y < h,—-Inn- =— + = <
2n 2n
_1 —nn—v— L —np—v— L —
" <h,—Inn-y o <0= h,—Inn-y o ( ><:>y,,—y+ +0< )
. . 2 L 1 _
(if) Since yuyn —y (7+ 2n)(7 2(n+1)) Y +0( )
Y v 1

A — =
2n+2  2n  2(2n% +2n)

_2n+l1 (L : v 41 _

7 a1y () e imGuee =72 Lam(y ey o ))” 2
—y3 = 1 1 1 _

(iiif) Since yuynym2—vy <7+ )(7+ 20+ 1) )(7 2(n+2)) 4 +0< )

3y y2(3n? + 61 +2)
dn(n+2) 2+ D)+ 1) +o(5r)

then lim(yuyne1yma —y>)n = %



(iv)

Since 1% = 1+ =1 +0<%>,n e N then for ane fixed m € N we have

|4 2ny
m n+m n+m
1 1 1 1
Yok —y" =y" (1+ +o—)—l)=y’”( (1+ )—1>+0—.
s (kﬂl a3ty +oCr) 1 {1+ 2 (+)
. n+m ( 1 ) 1 n+m ( )
Noting that 1+ | = —— +o0
kﬂ—l 2k k= +1 2k
n+m n+m m
1 Y- <L m\_1_
(because 0 < kﬂl(l * Sy ) 1 kziil 2y Z( ) R <5 Z;( ; ) 2y )
m n+m m 1 n+m
we obtain | [y —y™ = y"™ ( L 40 >+0 —+0
L7 2ok o) ) oG = 5 e G)
n+m m—1
and, therefore, llm(l_[y,,+k—y )n _ limn 37 - = 72 m = myz
k=n+1

or by replacing (n,m) in LL%(HVM _ 7,m)n _m . with (n—1,m+1)
k=1

m+1 ”
we obtain }%(1‘[ ¥ nlak — ym+l>(n —1) = % -

k=1

m m+1
},Lrg(l_[ Yk — ”’“)n = W% (because hm(l_[ Yo lak — ym+1> =0)

k=0 k=1



